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Abstract
We study the origin of fermionmass hierarchy and flavor mixing in the standard
model, paying attention to flavor symmetries and fermion kinetic terms. There is a
possibility that the hierarchical flavor structure of quarks and charged leptons orig-
inates from non-canonical types of fermion kinetic terms in the presence of flavor
symmetric Yukawa interactions. A flavor symmetry can be hidden in the form of
non-unitary bases in the standard model. The structure of Kähler potential can be-
come a touchstone of new physics.
1 Introduction
The origin of fermion mass hierarchy and flavor mixing has been a big mystery, which
comes from the fact that there is no powerful principle to determine Yukawa couplings
in the standardmodel (SM). Yukawa couplings are expressed as general square matrices
taking complex values, and they are diagonalized by bi-unitary transformations. Their
eigenvalues become quark and charged leptonmasses after multiplying the vacuum ex-
pectation value (VEV) of neutral component in the Higgs doublet. The mixing of flavors
occurs from the difference betweenmass eigenstates and weak interaction ones [1, 2, 3].
There have been many intriguing attempts to explain the values of physical param-
eters concerning fermion masses and flavor mixing matrices. Most of them are based
on the top-down approach [4, 5, 6, 7, 8, 9], i.e., Yukawa couplings are constructed or
given in the form of Ansatz based on high-energy physics such as grand unified theories
(GUTs) and superstring theories (SSTs) or extensions of SM with some flavor symmetry,
and the analyses have been carried out model-dependently and/or independently from
the phenomenological point of view.
At present, any evidences from new physics except for neutrinos have not yet been
discovered, and new physics might be beyond all imagination. Hence, it would be in-
teresting to see flavor physics through a different lens, with the expectation that it offers
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some hints of a fundamental theory. We adopt several reasonable assumptions in a the-
ory beyond the SM. (a) The field variables are not necessarily the same as those in the
SM. (b) There is a symmetry relating to the flavor or family of the SM (a flavor or family
symmetry). The symmetry is broken down by the VEVs of some scalar fields called flavons.
(c) Flavons couple to matter fields through matter kinetic terms dominantly. The sec-
ond assumption is based on the idea that the family number is naturally understood as
a dimension of representation and a predictability is improved by the reduction of free
parameters, in the presence of a flavor or family symmetry. The last one is based on the
fact that various fields are easy to couple to among them in a Kähler potential, compared
with a superpotential controlled by holomorphy, and the Kähler potential can change by
receiving radiative corrections in contrast with the superpotential, in supersymmetric
(SUSY) theories. We expect that the SUSY exists in an underlying theory, even if it is
broken down at a high energy scale.
Suppose that a flavor symmetry exist, we have several questions such as “what type
of symmetry exists?”, “what is the breaking mechanism ?” and “how is it hidden in the
SM?”. Here, we focus interest on the last one. There is a possibility that a flavor symmetry
is hidden in the form of non-unitary bases, i.e., matter fields in the SM are transformed
by non-unitary matrices. In Appendix A, we give an illustration of a realization of U(N )
symmetry using non-unitarymatrices.
Our approach is summarized as follows. We suppose field variables respecting a fla-
vor symmetry (that the corresponding transformation is realized by unitary matrices)
and rewrite the Lagrangian density in the SM using such variables. We investigate the
structure of terms violating the flavor symmetry, and attempt to conjecture physics be-
yond the SM. Although physics is unchanged by a choice of field variables and represen-
tations, there can be a difference in an understandability of physical phenomena. For
instance, in the relativistic quantum mechanics, the Dirac representation of γmatrices
is useful to analyze non-relativistic phenomena and the chiral representation is suitable
to investigate high-energy physics. It is desirable to find helpful field variables in order to
envisage a mechanism of flavor symmetry breaking in an underlying theory. We expect
that unitary bases of flavor symmetries are suitable to describe physics right after the
breakdown of flavor symmetries, although they are unfit for perturbative calculations
due to the presence of non-canonical kinetic terms. One of the best planswould be to at-
tack a flavor structure from both bottom-up and top-down approaches. Knowledge and
information obtained by the bottom-up approach can provide a new procedure based
on a top-down approach.
In this paper, we study the origin of fermionmass hierarchy and flavor mixing in the
SM, using the above-mentioned approach. We examine whether the hierarchical flavor
structure of quarks and charged leptons can originate from specific forms of their kinetic
terms in the presence of flavor symmetric Yukawa interactions or not. We also propose
a variant procedure based on the top-down approach.
The outline of this paper is as follows. In the next section, we review quark Yukawa
interactions and a no-go theorem on flavor symmetries in the SM.We explore the origin
of the hierarchical structure of quarks and charged leptons, paying attention to flavor
symmetries and fermion kinetic terms in Sect. 3. In the last section, we give conclusions
and discussions.
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2 Yukawa interactions and flavor symmetry
We review quark Yukawa interactions and the absence of exact flavor symmetries in the
SM.
2.1 Quark Yukawa interactions
Let us start with the Lagrangian densities of the quark sector,
L
quark
kinetic
= qLi iD
/
qLi +uRi iD
/
uRi +dRi iD
/
dRi , (1)
L
quark
Yukawa
=−y (u)
i j
qLi φ˜uR j − y (d)i j qLiφdR j +h.c., (2)
where qLi are left-handed quark doublets, uRi and dRi are right-handed up- and down-
type quark singlets, i , j (= 1,2,3) are family labels, summation over repeated indices is
understood throughout this paper, y (u)
i j
and y (d)
i j
are Yukawa couplings, φ is the Higgs
doublet, φ˜ = iτ2φ∗ and h.c. stands for hermitian conjugation of former terms. The
Yukawa couplings are diagonalized as V (u)
L
y (u)V (u)
R
† = y (u)
diag
and V (d)
L
y (d)V (d)
R
† = y (d)
diag
by
bi-unitary transformations and the quark masses are obtained as
V (u)
L
y (u)V (u)
R
† vp
2
= y (u)
diag
vp
2
=M (u)
diag
= diag(mu ,mc ,mt ) , (3)
V (d)
L
y (d)V (d)
R
† vp
2
= y (d)
diag
vp
2
=M (d)
diag
= diag(md ,ms ,mb) , (4)
where V (u)
L
, V (d)
L
, V (u)
R
and V (d)
R
are unitary matrices, v/
p
2 is the VEV of neutral compo-
nent in theHiggs doublet, family labels are omitted, andmu ,mc ,mt ,md ,ms andmb are
masses of up, charm, top, down, strange and bottom quarks, respectively.
The Yukawa couplings are expressed by
y (u) =V (u)
L
†
y (u)
diag
V (u)
R
, y (d) =V (d)
L
†
y (d)
diag
V (d)
R
=V (u)
L
†
VKMy
(d)
diag
V (d)
R
, (5)
usingV (u)
L
, V (u)
R
, V (d)
R
, y (u)
diag
, y (d)
diag
, and the Kobayashi-Maskawamatrix defined by [3]
VKM ≡V (u)L V
(d)
L
†
. (6)
Information on physics beyond the SM is hidden in V (u)
L
, V (u)
R
, and V (d)
R
besides observ-
able parameters y (u)
diag
, y (d)
diag
, and VKM. The matrices V
(u)
L
, V (u)
R
, and V (d)
R
are completely
unknown in the SM, because they can be eliminatedby the globalU(3)×U(3)×U(3)/U(1)
symmetry that the quark kinetic termL
quark
kinetic
possesses.
From (3), (4) and experimental values of quark masses, the eigenvalues of y (u) and
y (d) are roughly estimated at the weak scale as
y (u)
diag
+ diag
(
1.3×10−5, 7.3×10−3, 1.0
)
, (7)
y (d)
diag
+ diag
(
2.7×10−5, 5.5×10−4, 2.4×10−2
)
. (8)
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We find that there is a large hierarchy among a size of Yukawa couplings, and it has
thrown up the big mystery of its origin. From (5), we derive the relation:
y (d)V (d)
R
† = y (u)V (u)
R
†
y (u)−1
diag
VKMy
(d)
diag
, (9)
where y (u)−1
diag
is the inverse matrix of y (u)
diag
. The matrix y (u)−1
diag
VKMy
(d)
diag
can be a barometer
of the difference between y (u)V (u)
R
†
and y (d)V (d)
R
†
, and it is roughly estimated at the weak
scale as
y (u)−1
diag
VKMy
(d)
diag
+


(
1− λ2
2
)
md
mu
λ
ms
mu
Aλ3(ρ− iη)mb
mu
−λmd
mc
(
1− λ2
2
)
ms
mc
Aλ2
mb
mc
Aλ3(1−ρ− iη)md
mt
−Aλ2ms
mt
mb
mt


=

 O(1) O(10) O(10)O (10−3) O (10−1) O (10−1)
O
(
10−7
)
O
(
10−5
)
O
(
10−2
)

 , (10)
where we use the Wolfenstein parametrization [10], i.e., λ = sinθC + 0.225 (θC is the
Cabibbo angle [2]), A+ 0.811, ρ and η are real parameters [11].
2.2 No unbroken flavor symmetry
We explain that there is no unbroken flavor-dependent symmetry respecting the SU(2)L
gauge symmetry [12, 13]. If the quark sector is invariant under a global transformation
(a low-energy remnant of some flavor symmetries):
qL→ FLqL, uR→ F (u)R uR, dR→ F
(d)
R
dR, φ→ e iθφ, (11)
the quark Yukawa couplings should satisfy the relations:
e−iθF †
L
y (u)F (u)
R
= y (u), e iθF †
L
y (d)F (d)
R
= y (d), (12)
where FL, F
(u)
R
, and F (d)
R
are 3×3 unitarymatrices, and θ is a real number. From (12), we
have the relations: [
y (u)y (u)
†
, FL
]
= 0,
[
y (u)
†
y (u), F (u)
R
]
= 0, (13)[
y (d)y (d)
†
, FL
]
= 0,
[
y (d)
†
y (d), F (d)
R
]
= 0, (14)
and then FL can also be diagonalized by the unitarymatricesV
(u)
L
andV (d)
L
which diago-
nalize y (u)y (u)
†
and y (d)y (d)
†
such that
V (u)
L
FLV
(u)
L
† = F (u)
L diag
, V (d)
L
FLV
(d)
L
† = F (d)
L diag
. (15)
In the same way, F (u)
R
and F (d)
R
can also be diagonalized by the unitarymatricesV (u)
R
and
V (d)
R
which diagonalize y (u)
†
y (u) and y (d)
†
y (d) such that
V (u)
R
F (u)
R
V (u)
R
† = F (u)
R diag
, V (d)
R
F (d)
R
V (d)
R
† = F (d)
R diag
. (16)
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By multiplying both sides of each relation in (12) by V (u)
L
and V (d)
L
from the left and
V (u)
R
†
and V (d)
R
†
from the right and using (5), (15) and (16), the following relations are
obtained,
e−iθF (u)†
L diag
y (u)
diag
F (u)
R diag
= y (u)
diag
, e iθF (d)†
L diag
y (d)
diag
F (d)
R diag
= y (d)
diag
, (17)
and they lead to F (u)
L diag
= e−iθF (u)
R diag
and F (d)
L diag
= e iθF (d)
R diag
.
From (15), we obtain the relation:
F (u)
L diag
VKM =VKMF (d)L diag. (18)
Then, we find that F (u)
L diag
= F (d)
L diag
= e iϕI (where ϕ is a real number and I is the 3× 3
identity matrix) from the fact that all mixing angles of VKM are nonzero, and it means
that any exact flavor-dependent symmetries do not exist in the quark sector of the SM.
In the same way, it is shown that any exact flavor-dependent symmetries do not also
survive in the lepton sector of the SM.
3 Kähler structure in SM and beyond
Based on feasible assumptions in a theory beyond the SM such that the field variables
are not necessarily the same as those in the SM, there is a flavor symmetry broken down
by the VEVs of flavons and flavons couple to matter fields in matter kinetic terms domi-
nantly, we rewrite the Lagrangian density in the SM using unitary bases of a flavor sym-
metry, investigate the structure of terms violating the flavor symmetry, and attempt to
conjecture physics beyond the SM.Here, unitary basesmean sets of fields that are trans-
formed by unitarymatrices. For more details, see Appendix A.
3.1 Change of variables andmatching conditions
We assume that a theory beyond the SM has a flavor symmetry1 and the symmetry is
broken down by the VEVs of flavons at some high-energy scale near MBSM. Here, MBSM
is an energy scale of new physics or the upper limit of a scale where the SM holds. We
assume thatMBSM is much bigger than the weak scale, for simplicity. In this case, there
is a possibility that we obtain useful information on flavor physics from the matching
conditions atMBSM.
We denote unitary bases of a flavor group GF for quarks by q
′
L
, u′
R
, and d ′
R
. They
transform as
q ′L→ FLq ′L, u′R→ F (u)R u′R, d ′R→ F
(d)
R
d ′R, φ→ e iθφ, (19)
under the GF transformation, where FL, F
(u)
R
, and F (d)
R
are 3×3 unitary matrices. Then,
the Yukawa interaction terms are rewritten as
L
quark
Yukawa
=−
(
y1
)
i j q
′
Li φ˜u
′
R j −
(
y2
)
i j q
′
Liφd
′
R j +h.c., (20)
1 The flavor structure of quarks and leptons has been studied intensively, based on various flavor sym-
metries [9, 14, 15, 16, 17, 18, 19, 20].
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where
(
y1
)
i j and
(
y2
)
i j are Yukawa couplings in the unitary bases of flavor symme-
try. These couplings, in general, consist of two parts, i.e.,
(
y1
)
i j =
(
yF1
)
i j
+
(
∆y1
)
i j and(
y2
)
i j =
(
yF2
)
i j
+
(
∆y2
)
i j . Here,
(
yF1
)
i j
and
(
yF2
)
i j
are GF-invariant couplings satisfying
e−iθF †
L
yF1F
(u)
R
= yF1 and e iθF †L yF2F
(d)
R
= yF2 , respectively, and
(
∆y1
)
i j and
(
∆y2
)
i j are non-
invariant ones showing the breakdown of GF due to the VEVs of flavons.
The unitary bases of GF are related to the SM ones qL, uR, and dR by the change of
variables as
qL =Vq JqUqq ′L,
(
qL = q ′LU †q JqV †q
)
, (21)
uR =
(
y (u)
)−1
Vq J
−1
q Uq y1u
′
R =V (u)R
†
(
y (u)
diag
)−1
V (u)
L
Vq J
−1
q Uq y1u
′
R, (22)
dR =
(
y (d)
)−1
Vq J
−1
q Uq y2d
′
R =V (d)R
†
(
y (d)
diag
)−1
V †
KM
V (u)
L
Vq J
−1
q Uq y2d
′
R, (23)
where Vq andUq are 3×3 unitarymatrices and Jq is a real 3×3 diagonal matrix.
Using new variables, the quark kinetic terms in the SM are rewritten as
L
quark
kinetic
= k(q)
i j
q
′
Li iD
/
q ′L j +k(u)i j u
′
Ri iD
/
u′R j +k(d)i j d
′
Ri iD
/
d ′R j , (24)
where the kinetic coefficients k
(q)
i j
, k(u)
i j
, and k(d)
i j
are given by
k
(q)
i j
=
(
U †q (Jq )
2Uq
)
i j
, (25)
k(u)
i j
=
(
y†1W
(u)†
(
y (u)−1
diag
)2
W (u)y1
)
i j
, (26)
k(d)
i j
=
(
y†2W
(d)†
(
y (d)−1
diag
)2
W (d)y2
)
i j
=
(
y†2W
(u)†VKM
(
y (d)−1
diag
)2
V †
KM
W (u)y2
)
i j
. (27)
Here,W (u) =V (u)
L
Vq J
−1
q Uq ,W
(d) =V (d)
L
Vq J
−1
q Uq , and we use the feature that the kinetic
coefficients are positive definite. Note that W (u) and W (d) are not necessarily unitary
matrices. If Jq is the identity matrix, k
(q)
i j
is the canonical one (the identity matrix) and
W (u) andW (d) become unitarymatrices.
We give an alternative proof on the absence of exact flavor symmetries in the SM
briefly. Under the assumption that L
quark
Yukawa
given in (20) is invariant under the transfor-
mation (19), i.e., e−iθF †
L
y1F
(u)
R
= y1 and e iθF †L y2F
(d)
R
= y2, it is shown that no exact flavor
symmetries exist from the invariance of L
quark
kinetic
given in (24) under the transformation
(19), in the following. Eigenvalues of F (u)
R
and F (d)
R
are given by those of FL multiplied by
e iθ and e−iθ, respectively, as estimated from (17). Using (25) and F †
L
k(q)FL = k(q) derived
from the invariance of k
(q)
i j
q
′
Li iD
/
q ′
L j
, we find that FL is diagonalized byUq asUqFLU
†
q =
FL diag. Here, we omit the labels of flavor. From (26), (27), and F
(u)
R
†
k(u)F (u)
R
= k(u) and
F (d)
R
†
k(d)F (d)
R
= k(d) derived from the invariance of other kinetic terms, we obtain the
relations F˜L diagV
(u)
L
= V (u)
L
FL diag and F˜L diagV
(d)
L
= V (d)
L
FL diag, using e
−iθF †
L
y1F
(u)
R
= y1,
e iθF †
L
y2F
(d)
R
= y2, andUqFLU †q = FL diag. Here, F˜L diag is a diagonal unitary matrix. These
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relations lead to F˜L diagVKM = VKMF˜L diag which means that F˜L diag and FL diag should be
proportional to the identitymatrix or the non-existence of exact flavor-dependent sym-
metries.
From (7) and (8),
(
y (u)−1
diag
)2
,
(
y (d)−1
diag
)2
and VKM
(
y (d)−1
diag
)2
V †
KM
are roughly estimated at
the weak scale as(
y (u)−1
diag
)2
+ diag
(
5.9×109, 1.9×104, 1.0
)
= 5.9×109×diag
(
1, 3.2×10−6, 1.7×10−10
)
, (28)(
y (d)−1
diag
)2
+ diag
(
1.4×109, 3.8×106, 2.1×103
)
= 1.4×109×diag
(
1, 2.7×10−3, 1.5×10−6
)
, (29)
VKM
(
y (d)−1
diag
)2
V †
KM
+ 1.4×109×

 1−λ2 −λ O
(
λ3
)
−λ λ2 O
(
λ4
)
O
(
λ3
)
O
(
λ4
)
O
(
λ6
)

 . (30)
Physical parameters, in general, receive radiative corrections, and the above values should
be evaluated by considering renormalization effects and should match with their coun-
terparts at MBSM. From (20) and (24), information on the flavor structure in the SM is
transfered to k
(q)
i j
, k(u)
i j
and k(d)
i j
in the kinetic terms.
To speculate a theory of quarks beyond the SM, let us describe it by
L
quark
BSM
=K (q)
i j
q
′
Li iD
/
q ′L j +K (u)i j u
′
Ri iD
/
u′R j +K (d)i j d
′
Ri iD
/
d ′R j
− (Y1)i j q ′Li φ˜u′R j − (Y2)i j q ′Liφd ′R j +h.c., (31)
where K
(q)
i j
, K (u)
i j
, K (d)
i j
, (Y1)i j , and (Y2)i j contain fields such that L
quark
BSM
is invariant un-
der the GF transformation. The L
quark
BSM
describes only a part relating to quarks in new
physics, and chiral anomalies are supposed to be canceled by other contributions if the
GF symmetry is local.
When L
quark
kinetic
and L
quark
Yukawa
are obtained by getting the VEVs after the breakdown of
GF symmetry, the followingmatching conditions should be imposed on
k
(q)
i j
=
〈
K
(q)
i j
〉
, k(u)
i j
=
〈
K (u)
i j
〉
, k(d)
i j
=
〈
K (d)
i j
〉
,
(
y1
)
i j =
〈
(Y1)i j
〉
,
(
y2
)
i j =
〈
(Y2)i j
〉
, (32)
atMBSM, from (20), (24) and (31).
3.2 Examples
As we have few hints on a flavor symmetry, we study two examples, i.e., a case with a
U(3) symmetry and that with an S3 one. Here S3 is the permutation group of order 3
3.2.1 U(3) case
In case that a U(3) family symmetry is hidden in the SM, the Yukawa interactions are
written by L
quark
Yukawa
=−y1q ′Li φ˜u′Ri − y2q
′
Liφd
′
Ri
+h.c., where y1 and y2 are complex num-
bers. We assume that U(3) symmetric terms dominate in Yukawa interactions. It is
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justified, in case that MBSM is much bigger than the weak scale, other terms includ-
ing fermions contain non-renormalizable higher-dimensional operators and they can
be suppressed by a power ofMBSM.
Now, we conjecture a structure of Kählermetric, based on (25) – (30). There aremany
possibilities to realize the quark masses and flavor mixing consistent with experimental
data. For simplicity, we assume that Jq = I , i.e., k(q)i j = δi j . Then, k
(u)
i j
and k(d)
i j
are written
by
k(u)
i j
=
∣∣y1∣∣2
(
U (u)
L
†
(
y (u)−1
diag
)2
U (u)
L
)
i j
, k(d)
i j
=
∣∣y2∣∣2
(
U (u)
L
†
VKM
(
y (d)−1
diag
)2
V †
KM
U (u)
L
)
i j
, (33)
whereU (u)
L
is a unitarymatrix. TheU (u)
L
is written byU (u)
L
≡V (u)
L
Vq where Vq is a unitary
matrix reflecting the U(3) invariance of qL’s kinetic term. There is a possibility that k
(u)
i j
and k(d)
i j
take forms whose every component has an almost same magnitude of O(1), if∣∣y1∣∣2 =O (10−10) and ∣∣y2∣∣2 =O (10−9). It is suggested from the formulas
U



 1 1 11 1 1
1 1 1

+ε1

 1 ω ωω 1 ω
ω ω 1

+ε2

 1 ω ωω 1 ω
ω ω 1



U † = 3

 1 0 00 ε1 0
0 0 ε2

 , (34)
and
U



 1 1 11 1 1
1 1 1

+λ

 −2 ω ωω 1 −2ω
ω −2ω 1

+λ2

 0 ω−1 ω−1ω−1 0 ω−1
ω−1 ω−1 0



U †
= 3

 1−λ2 −λ 0−λ λ2 0
0 0 0

 (35)
with the unitarymatrix
U = 1p
3

 1 1 11 ω ω
1 ω ω

 , (36)
where ε1 and ε2 are arbitrary numbers, ω = e2pii/3, and ω = ω2 = e4pii/3(= −1−ω). The
above formulas are merely examples. Quark kinetic coefficients and unitary matrices
might take complicated forms and contain tiny parameters intricately. At any rate, a
large mass hierarchy and mixing can originate from a tiny variance of the democratic
form whose every component has a common value. In other words, the hierarchical
structure can be realized in case that Ka¨hler metrics K (u)
i j
and K (d)
i j
acquire the VEVs of
semi-democratic forms as〈
K (u)
i j
〉
= ξ(u)Si j +O(εi ),
〈
K (d)
i j
〉
= ξ(d)Si j +O(εi ,λ) (37)
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with some constants ξ(u) and ξ(d), after the breakdown of the family symmetry, and the
reception of tiny corrections. Here, Si j is the democratic matrix defined by
Si j ≡

 1 1 11 1 1
1 1 1

 . (38)
It is hard to derive semi-democratic forms (37) dynamically at a level of perturbation,
from U(3) invariant Kähler potential K = |Φi |2 + ·· · , as suggested by a model in Ap-
pendix B. Here the ellipsis stands for higher-dimensional terms which are sub-leading
order ones. We need a mechanism to realize semi-democratic forms and small Yukawa
couplings such as
∣∣y1∣∣2 =O (10−10) and ∣∣y2∣∣2 =O (10−9).
3.2.2 S3 case
Based on an S3 invariant Kähler potential containing the democratic form and Yukawa
couplings with the democratic form and small S3 breaking ones, it was pointed that
the heavy top quark mass can be attributed to a singular normalization of its kinetic
term [21]. Sfermionmasseswere also studied using the S3 invariant Kähler potential [22].
Let us re-examine a case with the S3 symmetry using our formulation. Strictly speak-
ing, the flavor group is S3×S3×S3, and qLi , uRi and dRi are transformed as 3-dimensional
representations of the first, second and third S3, respectively. These 3-dimensional rep-
resentations are reducible and are decomposed into two irreducible ones such as 1-
dimensional ones and 2-dimensional ones. In the presence of S3 symmetry, the Yukawa
couplings are written by(
y1
)
i j = yF1Si j +∆y1T
(u)
i j
,
(
y2
)
i j = yF2Si j +∆y2T
(d)
i j
, (39)
where yFa and ∆ya (a = 1,2) are complex numbers, and T (u)i j and T
(d)
i j
are complex ma-
trices (whose components take values of at most O(1)) that originate from S3 breaking
effects. We cannot derive realistic quark masses without T (u)
i j
and T (d)
i j
. We assume that∣∣yFa∣∣=O(1) according to Dirac’s naturalness. Here, Dirac’s naturalness means that the
magnitude of dimensionless parameters on terms allowed by symmetries should be O(1)
in a fundamental theory. In contrast, we suppose that
∣∣∆ya∣∣≪ ∣∣yFa∣∣ from a conjecture
that the S3 breaking terms stem from non-renormalizable interactions suppressed by a
power ofMBSM.
In the following, we examinewhethermagnitudes of components in k(u)
i j
and k(d)
i j
can
be at most O(1) or not under the above assumptions, i.e.,
∣∣yFa∣∣=O(1) and ∣∣∆ya∣∣≪ ∣∣yFa∣∣.
In other words, k(u)
i j
and k(d)
i j
are, in general, written by
k(u)
i j
= k(u)1 δi j +k(u)2 Si j +k(u)3 Z (u)i j , k
(d)
i j
= k(d)1 δi j +k(d)2 Si j +k(d)3 Z (d)i j , (40)
where k(u)
b
and k(d)
b
(b = 1,2,3) are real numbers, and Z (u)
i j
and Z (d)
i j
are hermitianmatri-
ces (whose components take values of at most O(1)) that represent S3 breaking effects.
Then, can magnitudes of k(u)
b
and k(d)
b
be at mostO(1) or not?
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By inserting the first relation of (39) into (26), the following relation is derived,
k(u)
i j
=
∣∣yF1 ∣∣2
(
SW (u)
†
(
y (u)−1
diag
)2
W (u)S
)
i j
+
∣∣∆y1∣∣2
(
T (u)
†
W (u)
†
(
y (u)−1
diag
)2
W (u)T (u)
)
i j
+
(
yF1
)∗
∆y1
(
SW (u)
†
(
y (u)−1
diag
)2
W (u)T (u)
)
i j
+h.c.. (41)
Using the formula SXS = (∑3i , j=1 Xi j )S, we find that the following condition should be
fulfilled,
3∑
i , j=1
(
W (u)
†
(
y (u)−1
diag
)2
W (u)
)
i j
=O(1), (42)
in order to make the magnitudes of first term in (41) to be at most O(1). For simplicity,
let us take an ansatz ofW (u) such as
W (u) ≡

 w
(u)
11 w
(u)
12 −w (u)11 −w (u)12
w (u)21 w
(u)
22 −w (u)21 −w (u)22
w (u)31 w
(u)
32 w
(u)
33

 , (43)
where w (u)
i j
are complex numbers of at mostO(1). Then, we obtain the relation:
k(u)
i j
+
∣∣yF1 ∣∣2 ∣∣∣w (u)31 +w (u)32 +w (u)33
∣∣∣2Si j
+
∣∣∆y1∣∣2
(
T (u)
†
W (u)
†
(
y (u)−1
diag
)2
W (u)T (u)
)
i j
+O(|∆y1|). (44)
If
∣∣∆y1∣∣2 =O (10−10), the magnitude of every component in the second term of (44) can
also be at most O(1), and k(u)
i j
can take the form given by the first relation of (40) with∣∣yF1 ∣∣=O(1).
In the same way, when we take an ansatz ofW (d) such as
W (d) ≡

 w
(d)
11 w
(d)
12 −w (d)11 −w (d)12
w (d)21 w
(d)
22 −w (d)21 −w (d)22
w (d)31 w
(d)
32 w
(d)
33

 , (45)
we obtain the relation:
k(d)
i j
+
∣∣yF2 ∣∣2×2.1×103× ∣∣∣w (d)31 +w (d)32 +w (d)33
∣∣∣2Si j
+
∣∣∆y2∣∣2
(
T (d)
†
W (d)
†
(
y (d)−1
diag
)2
W (d)T (d)
)
i j
+O(|∆y2|), (46)
where w (d)
i j
are complex numbers of at most O(1). From W (u) = VKMW (d), we obtain∣∣∣w (d)31 +w (d)32 +w (d)33
∣∣∣2 =O(1). Hence, we need ∣∣yF2 ∣∣2 =O (10−3) and ∣∣∆y2∣∣2 =O (10−9) in or-
der to make the magnitude of every component in the first and second terms of (46) to
be at mostO(1), respectively.
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3.3 Lepton sector
We study the lepton sector in the SM. In the absence ofMajoranamasses of right-handed
neutrino singlets, the same argument as the quarks holds in the replacement of fields
and couplings. Here, we consider the case with largeMajoranamasses and a flavor sym-
metry in a theory beyond the SM.
The lepton sector is described by the Lagrangian densities:
L
lepton
kinetic
= lLi iD
/
lLi +eRi iD
/
eRi +νRi iD
/
νRi −
1
2
Mi jν
t
RiCνR j , (47)
L
lepton
Yukawa
=−y (e)
i j
lLiφeR j − y (ν)i j lLi φ˜νR j +h.c., (48)
where lLi are left-handed lepton doublets, eRi and νRi are right-handed electron- and
neutrino-type lepton singlets, Mi j are Majorana masses, ν
t
Ri
is a transpose of νRi , C =
iγ2γ0, and y (e)
i j
and y (ν)
i j
are Yukawa couplings. The y (e)
i j
and y (ν)
i j
are diagonalized as
V (e)
L
y (e)V (e)
R
† = y (e)
diag
and V (ν)
L
y (ν)V (ν)
R
† = y (ν)
diag
by bi-unitary transformations, and Mi j is
also diagonalized by V (ν)
R
as V (ν)
R
∗
MV (ν)
R
† =Mdiag = diag(M1,M2,M3) under the assump-
tion that the flavor symmetry exists beyond the SM. Leptonmasses are obtained as
V (e)
L
y (e)V (e)
R
† vp
2
= y (e)
diag
vp
2
=M (e)
diag
= diag
(
me ,mµ,mτ
)
, (49)
V (ν)
L
y (ν)M−1y (ν)
t
V (ν)
L
t v2
2
=M (ν)
diag
= diag
(
mν1 ,mν2 ,mν3
)
, (50)
where V (e)
L
, V (ν)
L
, and V (e)
R
are unitary matrices andme , mµ, andmτ are masses of elec-
tron, muon, and tauon, respectively, and the seesaw mechanism is used to obtain tiny
neutrino masses mν1 , mν2 , and mν3 [23, 24, 25]. The lepton Yukawa couplings are ex-
pressed by
y (e) =V (e)
L
†
y (e)
diag
V (e)
R
, y (ν) =V (ν)
L
†
y (ν)
diag
V (ν)
R
=V (e)
L
†
VMNSy
(ν)
diag
V (ν)
R
, (51)
usingV (e)
L
,V (e)
R
,V (ν)
R
, y (e)
diag
, y (ν)
diag
, and theMaki-Nakagawa-SakatamatrixVMNS≡V (e)L V
(ν)
L
†
.
From (49) and experimental values of charged leptonmasses, the magnitude of y (e)
diag
is roughly estimated at the weak scale as
y (e)
diag
+ diag
(
2.9×10−6, 6.1×10−4, 1.0×10−2
)
. (52)
We find that there is a hierarchy among charged lepton Yukawa couplings.
Using field variables l ′L, e
′
R and ν
′
R defined by
l ′L ≡U †l J
−1
l V
†
l
lL,
(
l
′
L ≡ lLVl J−1l Ul
)
(53)
e ′R ≡ y−13 U †l JlV
†
l
y (e)eR = y−13 U †l JlV
†
l
V (e)
L
†
y (e)
diag
V (e)
R
eR, (54)
ν′R ≡ y−14 U †l JlV
†
l
y (ν)νR = y−14 U †l JlV
†
l
V (ν)
L
†
y (ν)
diag
V (ν)
R
νR
11
= y−14 U †l JlV
†
l
V (e)
L
†
VMNSy
(ν)
diag
V (ν)
R
νR, (55)
the Lagrangian densities are rewritten as
L
lepton
kinetic
= k(l )
i j
l
′
Li iD
/
l ′L j +k(e)i j e
′
Ri iD
/
e ′R j +k(ν)i j ν
′
Ri iD
/
ν′R j −
1
2
M (ν)
i j
ν′tRiCν
′
R j , (56)
L
lepton
Yukawa
=−
(
y3
)
i j l
′
Liφe
′
R j −
(
y4
)
i j l
′
Li φ˜ν
′
R j +h.c., (57)
where Vl andUl are unitary matrices, Jl is a real diagonal matrix, J
−1
l
is the inverse ma-
trix of Jl ,
(
y3
)
i j and
(
y4
)
i j are lepton Yukawa couplings in the unitary bases of flavor
symmetry and k(l )
i j
, k(e)
i j
, k(ν)
i j
, andM (ν)
i j
are given by
k(l )
i j
=
(
U †
l
(Jl )
2Ul
)
i j
, (58)
k(e)
i j
=
(
y†3W
(e)†
(
y (e)−1
diag
)2
W (e)y3
)
i j
, (59)
k(ν)
i j
=
(
y†4W
(ν)†
(
y (ν)−1
diag
)2
W (ν)y4
)
i j
=
(
y†4W
(e)†VMNS
(
y (ν)−1
diag
)2
V †
MNS
W (e)y4
)
i j
, (60)
M (ν)
i j
=
(
y t4W
(ν)ty (ν)−1
diag
Mdiagy
(ν)−1
diag
W (ν)y4
)
i j
=
(
y t4W
(e)tV ∗MNSy
(ν)−1
diag
Mdiagy
(ν)−1
diag
V †
MNS
W (e)y4
)
i j
. (61)
Here, W (e) = V (e)
L
Vl J
−1
l
Ul and W
(ν) = V (ν)
L
Vl J
−1
l
Ul . From (52),
(
y (e)−1
diag
)2
is roughly esti-
mated at the weak scale as(
y (e)−1
diag
)2
+ diag
(
1.2×1011, 2.7×106, 1.0×104
)
= 1.2×1011×diag
(
1, 2.2×10−5, 8.3×10−8
)
. (62)
When a theory of lepton beyond the SM can be described by
L
lepton
BSM
=K (l )
i j
l
′
Li iD
/
l ′L j +K (e)i j e
′
Ri iD
/
e ′R j +K (ν)i j ν
′
Ri iD
/
ν′R j −
1
2
Mˆ (ν)
i j
ν′tRiCν
′
R j
− (Y3)i j l
′
Liφe
′
R j − (Y4)i j l
′
Li φ˜ν
′
R j +h.c., (63)
we have the relations:
k(l )
i j
=
〈
K (l )
i j
〉
, k(e)
i j
=
〈
K (e)
i j
〉
, k(ν)
i j
=
〈
K (ν)
i j
〉
, M (ν)
i j
=
〈
Mˆ (ν)
i j
〉
, (64)(
y3
)
i j =
〈
(Y3)i j
〉
,
(
y4
)
i j =
〈
(Y4)i j
〉
, (65)
as the matching conditions atMBSM, from (56), (57) and (63).
In case that the U(3) family symmetry exists and
∣∣y3∣∣2 =O (10−11), the VEV of K (e)i j
can be the form whose every component has an almost same magnitude of O(1) and a
mass hierarchy can originate from a tiny variance of the democratic form. We need a
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mechanism to realize semi-democratic forms and a small Yukawa coupling. In case that
S3 flavor symmetry exists, we find that a Yukawa coupling is written by(
y3
)
i j = yF3Si j +∆y3T
(e)
i j
, (66)
and it is compatible with the Kähler metric:
k(e)
i j
= k(e)1 δi j +k(e)2 Si j +k(e)3 Z (e)i j (67)
with a suitable W (e). Here, yF3 and ∆y3 are complex numbers whose magnitudes are∣∣yF3 ∣∣2 =O(10−4) and ∣∣∆y3∣∣2 =O (10−11), T (e)i j is a complex matrix whose components take
values of at most O(1), k(e)
b
(b = 1,2,3) are real numbers of at most O(1), and Z (e)
i j
is a
hermitianmatrix whose components take values of at mostO(1).
3.4 Top-down approach
We have developed the strategy taking the SM as a starting point. There are limitations
on such a bottom-up approach. It is desirable to combine use of the bottom-up and
top-down one. Here, we propose a new procedure based on the top-down one, using
knowledge and information obtained in the previous subsections.
First, we construct a theory with a flavor symmetry, extract fermion parts from it and
write down a Lagrangian density as
L
fermion
BSM =K
(q)
i j
q
′
Li iD
/
q ′L j +K (u)i j u
′
Ri iD
/
u′R j +K (d)i j d
′
Ri iD
/
d ′R j
+K (l )
i j
l
′
Li iD
/
l ′L j +K (e)i j e
′
Ri iD
/
e ′R j +K (ν)i j ν
′
Ri iD
/
ν′R j −
1
2
Mˆ (ν)
i j
ν′tRiCν
′
R j
− (Y1)i j q ′Li φ˜u′R j − (Y2)i j q ′Liφd ′R j − (Y3)i j l
′
Liφe
′
R j − (Y4)i j l
′
Li φ˜ν
′
R j +h.c., (68)
and obtain the VEVs of flavons from theminimumof a scalar potential. Then, we calcu-
late
〈
K
(q)
i j
〉
,
〈
K (u)
i j
〉
,
〈
K (d)
i j
〉
,
〈
K (l )
i j
〉
,
〈
K (e)
i j
〉
,
〈
K (ν)
i j
〉
,
〈
Mˆ (ν)
i j
〉
,
〈
(Y1)i j
〉
,
〈
(Y2)i j
〉
,
〈
(Y3)i j
〉
,
and
〈
(Y4)i j
〉
. If the SUSY or its remnant exists, φ˜ andφ should be treated as independent
fields.
Second, we diagonalize
〈
K
(q)
i j
〉
and
〈
K (l )
i j
〉
by unitary transformations as
(
U˜q
)
i i ′
〈
K
(q)
i ′ j ′
〉(
U˜ †q
)
j ′ j
=
(
J˜q
)2
i j
,
(
U˜l
)
i i ′
〈
K (l )
i ′ j ′
〉(
U˜ †
l
)
j ′ j
=
(
J˜l
)2
i j , (69)
where U˜q and U˜l are unitary matrices and J˜q and J˜l are real diagonal matrices. These
matrices are counterparts of Uq , Ul , Jq , and Jl , and they should equate each other if
experimental data on flavor physics are completely explained by them.
Third, we change
〈
K (u)
i j
〉
,
〈
K (d)
i j
〉
,
〈
K (e)
i j
〉
, and
〈
K (ν)
i j
〉
into the following ones,
〈
K˜ (u)
i j
〉
≡
(
J˜q
)
i i ′
(
U˜q
)
i ′i ′′
〈(
Y †−11
)
i ′′i ′′′
〉〈
K (u)
i ′′′ j ′′′
〉〈(
Y −11
)
j ′′′ j ′′
〉(
U˜ †q
)
j ′′ j ′
(
J˜q
)
j ′ j , (70)〈
K˜ (d)
i j
〉
≡
(
J˜q
)
i i ′
(
U˜q
)
i ′i ′′
〈(
Y †−12
)
i ′′i ′′′
〉〈
K (d)
i ′′′ j ′′′
〉〈(
Y −12
)
j ′′′ j ′′
〉(
U˜ †q
)
j ′′ j ′
(
J˜q
)
j ′ j , (71)
13
〈
K˜ (e)
i j
〉
≡
(
J˜l
)
i i ′
(
U˜l
)
i ′i ′′
〈(
Y †−13
)
i ′′i ′′′
〉〈
K (e)
i ′′′ j ′′′
〉〈(
Y −13
)
j ′′′ j ′′
〉(
U˜ †
l
)
j ′′ j ′
(
J˜l
)
j ′ j , (72)〈
K˜ (ν)
i j
〉
≡
(
J˜l
)
i i ′
(
U˜l
)
i ′i ′′
〈(
Y †−14
)
i ′′i ′′′
〉〈
K (ν)
i ′′′ j ′′′
〉〈(
Y −14
)
j ′′′ j ′′
〉(
U˜ †
l
)
j ′′ j ′
(
J˜l
)
j ′ j , (73)
using U˜q , U˜l , J˜q , J˜l , the inverse matrices
〈
Y −1a
〉
of 〈Ya〉 (a = 1,2,3,4) and their hermitian
conjugations.
Fourth, we diagonalize
〈
K˜ (u)
i j
〉
,
〈
K˜ (d)
i j
〉
,
〈
K˜ (e)
i j
〉
, and
〈
K˜ (ν)
i j
〉
by unitary transforma-
tions as (
V˜ (u)
L
)
i i ′
〈
K˜ (u)
i ′ j ′
〉(
V˜ (u)†
L
)
j ′ j
=
(
k˜(u)
diag
)
i j
,
(
V˜ (d)
L
)
i i ′
〈
K˜ (d)
i ′ j ′
〉(
V˜ (d)†
L
)
j ′ j
=
(
k˜(d)
diag
)
i j
, (74)(
V˜ (e)
L
)
i i ′
〈
K˜ (e)
i ′ j ′
〉(
V˜ (e)†
L
)
j ′ j
=
(
k˜(e)
diag
)
i j
,
(
V˜ (ν)
L
)
i i ′
〈
K˜ (ν)
i ′ j ′
〉(
V˜ (ν)†
L
)
j ′ j
=
(
k˜(ν)
diag
)
i j
. (75)
Last, we examine whether the following relations hold or not,
(
k˜(u)
diag
)
i j
=
(
y (u)−1
diag
)2
i j
,
(
k˜(d)
diag
)
i j
=
(
y (d)−1
diag
)2
i j
,
(
k˜(e)
diag
)
i j
=
(
y (e)−1
diag
)2
i j
, (76)
V˜ (u)
L
V˜ (d)†
L
=VKM, V˜ (e)L V˜
(ν)†
L
=VMNS. (77)
Note that we need to diagonalize six hermitian matrices in total by unitary transforma-
tions in our procedure. As explained in Appendix C, we need ten hermitian matrices in
total by unitary transformations, using an ordinary procedure.
As was described previously, we should consider renormalization effects when we
match theoretical predictions to experimental data. We also need some modifications
in the presence of a mixing with extra particles, in the case with a large flavor symmetry
and/or manymatter fields.
3.5 Unification
Wediscusswhether realisticmass hierarchies andflavormixing are realized or nor,based
on a grand unification and a family unification.
First, we consider a model based on SU(5)× S3× S3 where SU(5) is the GUT group
and S3× S3 is the flavor group. We assume that these symmetries are broken down to
the SM one GSM at the GUT scale MU. Matter fields l
′
Li
and (d ′
Ri
)c belong to ψ′(5)
i
in the
representation (5,3,1) and q ′
Li
, (u′
Ri
)c and (e ′
Ri
)c belong toψ′(10)i in (10,1,3), where 3 is
a 3-dimensional reducible representation of S3. The Lagrangian density of matter fields
(except for neutrino singlets) is given by
L
fermion
SU(5) =K
(ψ(5))
i j
ψ
′(5)
i iD
/
ψ′(5)j +K
(ψ(10))
i j
ψ
′(10)
i iD
/
ψ′(10)j
−
(
Y U1
)
i j ψ
′(10)
i
t
Cψ′(5)j φ
(5)−
(
Y U2
)
i j ψ
′(10)
i
t
Cψ′(10)j φ
(5)+h.c., (78)
where
(
Y U1
)
i j
and
(
Y U2
)
i j
are Yukawa couplings, and φ(5) and φ(5) are scalar fields in
(5,1,1) and (5,1,1), respectively. IfK
(ψ(5))
i j
, K
(ψ(10))
i j
,
(
Y U1
)
i j
, and
(
Y U2
)
i j
are SU(5) singlets,
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we have the relations:〈
K
(ψ(5))
i j
〉
=
〈
K (l )
i j
〉
=
〈
K (d)
i j
〉
,
〈
K
(ψ(10))
i j
〉
=
〈
K
(q)
i j
〉
=
〈
K (u)
i j
〉
=
〈
K (e)
i j
〉
, (79)〈(
Y U1
)
i j
〉
=
〈(
y2
)
i j
〉
=
〈(
y3
)
j i
〉
,
〈(
Y U2
)
i j
〉
=
〈(
y1
)
i j
〉
, (80)
atMU. From (79) and (80), we derive a usual GUT relation among down-type quark and
charged lepton Yukawa couplings:(
y (d)
)
i j
=
(
y (e)
)
j i . (81)
In case that
(
Y U1
)
i j
and
(
Y U2
)
i j
contain SU(5) non-singlet parts, realisticmass hierarchies
andmixing can be realized with suitable VEVs of non-singlet parts.
Next, we consider a model based on SO(10)×S3. Matter fields l ′Li , (d ′Ri )c , q ′Li , (u′Ri )c ,
(e ′
Ri
)c , and (ν′
Ri
)c belong toψ′(16)i in (16,3). Thematter sector is described by
L
fermion
SO(10) =K
(ψ(16))
i j
ψ
′(16)
i iD
/
ψ′(16)j −
((
Y U
)
i j ψ
′(16)
i
t
Cψ′(16)j φ
(10)+h.c.
)
, (82)
where
(
Y U
)
i j is a Yukawa coupling and φ
(10) is a scalar field in (10,1). If K
(ψ(16))
i j
and(
Y U
)
i j are SO(10) singlets, we have the relations:〈
K
(ψ(16))
i j
〉
=
〈
K (l )
i j
〉
=
〈
K (d)
i j
〉
=
〈
K
(q)
i j
〉
=
〈
K (u)
i j
〉
=
〈
K (e)
i j
〉
=
〈
K (ν)
i j
〉
, (83)〈(
Y U
)
i j
〉
=
〈(
y1
)
i j
〉
=
〈(
y2
)
i j
〉
=
〈(
y3
)
i j
〉
=
〈(
y4
)
i j
〉
, (84)
at MU. In this case, without extra matters and/or extra contributions, quark and lepton
masses and flavor mixing cannot be explained. In case that
(
Y U
)
i j contain SO(10) non-
singlet parts, we also need extra contributions if Dirac’s naturalness is adopted.
Last, we consider the family unification based on a simple gauge group GFU whose
maximal subgroup is GU×GF. Here, GU is a GUT group and GF is a family group. We
assume that a field Ψ with a vectorlike representation contains three families of SM
fermions ψI
i
= (q ′
Li
, (u′
Ri
)c , (d ′
Ri
)c , l ′
Li
, (e ′
Ri
)c , (ν′
Ri
)c ) (I = q,u,d , l ,e,ν) as its submul-
tiplets. After the breakdown of GFU into GSM, the kinetic term KΨiD
/
Ψ changes into〈
K (I )
i j
〉
ψ
I
i iD
/
ψI
j
. In this case,
〈
K (I )
i j
〉
are not, in general, common and there is a possibility
to explain fermionmasses and flavormixing. However, it seems to be unnatural because
we need a fine-tuning on a realization of semi-democratic type of Kähler metrics in or-
der to generate fermionmass hierarchies, as explained in Appendix B. Other problem in
the family unification is that extra particles including mirror particles appear, and it is
solved in the family unification on orbifold [26, 27, 28] and special GUTs [29, 30].
4 Conclusions and discussions
We have studied the origin of fermion mass hierarchy and flavor mixing in the SM, us-
ing the bottom-up approach. The approach is based on the assumptions that the field
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variables in the SM are not necessarily the same as those in a theory beyond the SM
and there is a flavor symmetry and flavons couple to matter fields in the matter kinetic
terms dominantly. We have supposed field variables respecting a flavor symmetry (uni-
tary bases of a flavor symmetry) and rewritten the Lagrangian density in the SM using
such variables. We have investigated the structure of terms violating the flavor symme-
try, and conjectured physics beyond the SM. We have suggested that the hierarchical
structure in the Yukawa interactions of quarks and charged leptons can originate from
non-canonical matter kinetic terms, in the presence of flavor symmetric Yukawa inter-
actions and a flavor symmetry can be hidden in the form of non-unitary bases in the
SM.We have proposed a variant top-down procedure, using an insight and formulas ob-
tained by our bottom-up approach.
In our approach, the problem of fermion masses and flavor mixing is deeply related
to not only the determination of Yukawa coupling matrices but also the determination
of matter kinetic terms and the VEVs of Kähler metric K (I )
i j
. If flavons couple to matter
fields in the Kähler potential, the VEVs of K (I )
i j
strongly depend on the dynamics of flavor
symmetry breaking due to flavons. In a grand unificationwith a flavor symmetry, contri-
butions of GUT group non-singlet parts in K (I )
i j
can be essential to derive a realistic flavor
structure.
We explain preceding works on the flavor physics based on matter kinetic terms,
other than [21, 22]. The problem of fermion mass hierarchies was investigated in su-
pergravity and superstring models with non-canonical Kähler potential including dila-
ton and moduli fields [31, 32]. The Yukawa textures were obtained from non-canonical
Kähler potential in the extension of minimal SUSY SM with an anomalous horizontal
symmetry [33]. In both works, a symmetry corresponding to a flavor symmetry is an
Abelian one and the structure of Yukawa couplings resembles that derived from the
Froggatt-Nielsen mechanism [9]. The effect of the Kähler potential on mixing matrices
was studied in a model independent way [34]. The flavor symmetry of kinetic terms was
discussed in a SUSY SM [35]. The flavor problem was studied through contributions of
higher-dimensional operators in case with hierarchical fermion kinetic terms originated
fromhierarchical fermionwave functions, under the assumption that the energy scale of
new physics is in the TeV range [36]. In our setup, the scaleMBSM can also be constrained
by the suppression of flavor-changing transitions.
As fermion kinetic functions or Kähler metric K (I )
i j
contain flavons in our approach,
they are regarded as counterparts of “Yukawaons” such that Yukawa couplings are not
parameters but fields [37].
Our approach would be useful as a complementary one to explore physics beyond
the SM and it would be worth studying flavor physics model-dependently and/or in-
dependently by paying close attention to matter kinetic terms, because the structure of
Kähler potential can play a vital role as a key test of new physics.
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A Unitary and non-unitary bases
We give an illustration of a realization of U(N ) symmetry using unitary matrices and
non-unitary ones based on a polynomial:
L =Φ†KΦ+Φ†Φ, (85)
where Φ is an N-plet of U(N ), and K is an N ×N hermitian matrix. We consider a case
that K depends on a set of fields {ϕ}, i.e., K = K (ϕ,ϕ†). If K changes into K →UKU † in
accord with the U(N ) transformation Φ→UΦ with an arbitrary unitary matrixU , L is
invariant under theU(N ) transformation. We call fields transformed by unitarymatrices
such as Φ “unitary bases”.
TheU(N ) invariance can be spontaneously broken down to a smaller one, after some
ϕ acquire the VEV 〈ϕ〉 and 〈K 〉(≡K (〈ϕ〉,〈ϕ†〉)) takes a form that is not proportional to the
identity matrix I . The 〈K 〉 is a hermitian matrix and it is written as 〈K 〉 =W †W with a
general N ×N complex matrixW . By using a redefinition of field as Φ˜ ≡WΦ and Φ˜† ≡
Φ†W †, L is rewritten by
L˜ =Φ†〈K 〉Φ+Φ†Φ=Φ†W †WΦ+Φ†Φ= Φ˜†Φ˜+ Φ˜†(W †)−1W −1Φ˜. (86)
The previous U(N ) transformation is realized by Φ˜→ U˜ Φ˜ with U˜ =WUW −1. Note that
U˜ is not necessarily a unitary matrix becauseW is not a unitary matrix, and the second
term Φ˜†(W †)−1W −1Φ˜ is invariant under Φ˜→ U˜ Φ˜, but the first one Φ˜†Φ˜ is not necessarily.
The transformation of unbroken subgroup H is realized by a unitary matrix. We call
fields transformed by non-unitary matrices such as Φ˜ “non-unitary bases”. The L and
the final form of L˜ can be regarded as counterparts of the Lagrangian density of matter
sector in a theory beyond the SM and the Lagrangian density of matter sector in the SM,
respectively.
B Non-canonical Kähler potential
We consider a SUSY model with the flavor symmetry SU(3)×C3 (where C3 is the cyclic
group of order 3) and a non-minimal Kähler potential:
K =
(
1+ a1
Λ2
ϕαkϕ
α
k
†+ a2
Λ2
∑
α
ϕαk
∑
β
ϕ
β
k
†
)
|φi |2
+
(
a3
Λ2
ϕαi ϕ
α
j
†+ a4
Λ2
∑
α
ϕαi
∑
β
ϕ
β
j
†
)
φ†
i
φ j +·· · , (87)
where a1, a2, a3 and a4 are parameters, Λ is a high-energy scale, and ϕ
α
i
and φi are the
scalar components of flavon chiral supermultiplets and matter chiral supermultiplet,
respectively. The ellipsis stands for higher-dimensional terms withO
(
1/Λ4
)
. The family
labels are denoted by i , j , and k, and ϕα
i
and φi belong to triplets of SU(3). The indices
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α and β are labels of C3 and run from 1 to 3. From (87), the Kählermetric of matter fields
is calculated as
Ki j =
∂2K
∂φ†
i
∂φ j
=
(
1+ a1
Λ2
ϕαkϕ
α
k
†+ a2
Λ2
∑
α
ϕαk
∑
β
ϕ
β
k
†
)
δi j
+ a3
Λ2
ϕαi ϕ
α
j
†+ a4
Λ2
∑
α
ϕαi
∑
β
ϕ
β
j
†+·· · . (88)
If Λ is much bigger than the VEVs of ϕα
i
,
∣∣φi ∣∣2 dominates in K and the matter kinetic
terms take almost canonical forms with
〈
Ki j
〉
= δi j +O
((
〈ϕαi 〉/Λ
)2)
.
To obtain a semi-democratic form, we need
〈
ϕαi
〉
=O(Λ). In this case, other higher
order terms can contribute the determination of
〈
Ki j
〉
and then the evaluation cannot
be justified in a perturbation region. Although we have such a problem, we study a case
with
〈
ϕαi
〉
=O(Λ) by taking the superpotential of flavons:
W (ϕ) = c1ϕ3+
c2
Λ3
(
ϕ3
)2
, (89)
where c1 and c2 are parameters and ϕ
3 ≡ εi jkεαβγϕαi ϕ
β
j
ϕ
γ
k
. One of the SUSY preserving
conditions is given by
∂W (ϕ)
∂ϕα
i
= 3εi jkεαβγϕβj ϕ
γ
k
(
c1+
2c2
Λ3
ϕ3
)
= 0, (90)
and there exist two kinds of vacuum solutions
〈
ϕα
i
〉
= 0 and
〈
ϕα
i
〉
6= 0.
(a) Flavor symmetric vacuum with
〈
ϕα
i
〉
= 0
By inserting
〈
ϕα
i
〉
= 0 into (87) and (88), we obtain the canonical one for matter fields,
i.e.,
〈
Ki j
〉
= δi j .
(b) Broken vacuum of flavor symmetry with
〈
ϕα
i
〉
6= 0
From (90), we find a broken vacuum of flavor symmetry represented by
〈
ϕαi
〉
=
(−c1
2c2
)1/3
×Λδαi . (91)
Then, by inserting these VEVs into (88), we obtain the VEV of Ki j :
〈
Ki j
〉
= η

 1 0 00 1 0
0 0 1

+ξ

 1 1 11 1 1
1 1 1

+·· · , (92)
where η and ξ are given by
η= 1+ (3a1+3a2+a3)
(−c1
2c2
)2/3
, ξ= a4
(−c1
2c2
)2/3
, (93)
respectively. From (92),
〈
Ki j
〉
can be a semi-democratic one with suitable values of pa-
rameters, but it seems to be unnatural with a fine-tuning among parameters (including
ones from higher order terms) based on a perturbative analysis. A Kähler potential from
a non-perturbative effect can play a crucial role to the derivation of semi-democratic
types of kinetic terms.
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C Ordinary top-down procedure
For a purpose of reference, we explain an ordinary top-down procedure, starting from
L fermion
BSM
of (68) with the VEVs
〈
K
(q)
i j
〉
,
〈
K (u)
i j
〉
,
〈
K (d)
i j
〉
,
〈
K (l )
i j
〉
,
〈
K (e)
i j
〉
,
〈
K (ν)
i j
〉
,
〈
Mˆ (ν)
i j
〉
,〈
(Y1)i j
〉
,
〈
(Y2)i j
〉
,
〈
(Y3)i j
〉
, and
〈
(Y4)i j
〉
.
First, we diagonalize the Kähler metrics by unitary transformations as
(
U˜q
)
i i ′
〈
K
(q)
i ′ j ′
〉(
U˜ †q
)
j ′ j
=
(
J˜q
)2
i j
,
(
U˜u
)
i i ′
〈
K (u)
i ′ j ′
〉(
U˜ †u
)
j ′ j
=
(
J˜u
)2
i j , (94)(
U˜d
)
i i ′
〈
K (d)
i ′ j ′
〉(
U˜ †
d
)
j ′ j
=
(
J˜d
)2
i j ,
(
U˜l
)
i i ′
〈
K (l )
i ′ j ′
〉(
U˜ †
l
)
j ′ j
=
(
J˜l
)2
i j , (95)(
U˜e
)
i i ′
〈
K (e)
i ′ j ′
〉(
U˜ †e
)
j ′ j
=
(
J˜e
)2
i j ,
(
U˜ν
)
i i ′
〈
K (ν)
i ′ j ′
〉(
U˜ †ν
)
j ′ j
=
(
J˜ν
)2
i j , (96)
where U˜q , U˜u , U˜d , U˜l , U˜e , and U˜ν are unitary matrices and J˜q , J˜u , J˜d , J˜l , J˜e , and J˜ν are
real diagonal matrices.
Second, we obtain the following Yukawa couplings from (Y1)i j , (Y2)i j , (Y3)i j and
(Y4)i j such that
y˜ (u)
i j
=
(
J˜−1q
)
i i ′
(
U˜q
)
i ′i ′′
〈
(Y1)i ′′ j ′′
〉(
U˜ †u
)
j ′′ j ′
(
J˜−1u
)
j ′ j , (97)
y˜ (d)
i j
=
(
J˜−1q
)
i i ′
(
U˜q
)
i ′i ′′
〈
(Y2)i ′′ j ′′
〉(
U˜ †
d
)
j ′′ j ′
(
J˜−1d
)
j ′ j , (98)
y˜ (e)
i j
=
(
J˜−1l
)
i i ′
(
U˜l
)
i ′i ′′
〈
(Y3)i ′′ j ′′
〉(
U˜ †e
)
j ′′ j ′
(
J˜−1e
)
j ′ j , (99)
y˜ (ν)
i j
=
(
J˜−1l
)
i i ′
(
U˜l
)
i ′i ′′
〈
(Y4)i ′′ j ′′
〉(
U˜ †ν
)
j ′′ j ′
(
J˜−1ν
)
j ′ j , (100)
where J˜−1q , J˜
−1
u , J˜
−1
d , J˜
−1
l , J˜
−1
e , and J˜
−1
ν are the inverse matrices of J˜q , J˜u , J˜d , J˜l , J˜e , and J˜ν,
respectively.
Third, we diagonalize
(
y˜ (u) y˜ (u)†
)
i j ,
(
y˜ (d) y˜ (d)†
)
i j ,
(
y˜ (e) y˜ (e)†
)
i j , and
(
y˜ (ν) y˜ (ν)†
)
i j by uni-
tary transformations as (
V˜ (u)
L
)
i i ′
(
y˜ (u) y˜ (u)†
)
i ′ j ′
(
V˜ (u)†
L
)
j ′ j
=
(
y˜ (u)2
diag
)
i j
, (101)(
V˜ (d)
L
)
i i ′
(
y˜ (d) y˜ (d)†
)
i ′ j ′
(
V˜ (d)†
L
)
j ′ j
=
(
y˜ (d)2
diag
)
i j
, (102)(
V˜ (e)
L
)
i i ′
(
y˜ (e) y˜ (e)†
)
i ′ j ′
(
V˜ (e)†
L
)
j ′ j
=
(
y˜ (e)2
diag
)
i j
, (103)(
V˜ (ν)
L
)
i i ′
(
y˜ (ν) y˜ (ν)†
)
i ′ j ′
(
V˜ (ν)†
L
)
j ′ j
=
(
y˜ (ν)2
diag
)
i j
, (104)
where y˜ (u)2
diag
, y˜ (d)2
diag
, y˜ (e)2
diag
, and y˜ (ν)2
diag
are y˜ (u)
diag
squared, y˜ (d)
diag
squared, y˜ (e)
diag
squared, and y˜ (ν)
diag
squared, respectively.
Last, we examine whether the following relations hold or not,(
y˜ (u)
diag
)
i j
=
(
y (u)
diag
)
i j
,
(
y˜ (d)
diag
)
i j
=
(
y (d)
diag
)
i j
,
(
y˜ (e)
diag
)
i j
=
(
y (e)
diag
)
i j
, (105)
V˜ (u)
L
V˜ (d)†
L
=VKM, V˜ (e)L V˜
(ν)†
L
=VMNS. (106)
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